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Abstract 

Let p > 1, e > 0, r > (1 + e)p, and X be a ( — l/r)-concave random 
. vector in R" with Euclidean norm \X\. We prove that 

(N 

■ where 



C(e) depends only on e and c is a universal constant. Moreover, if in 
addition X is centered then 

(ElXr")-'^" > c(e) (E\X\ - Cap(X)) . 
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1 Introduction 

Let X be a random vector with values in a finite dimensional Euclidean space 

■ E with Euclidean norm | • | and scalar product (•, •). For any p > 0, we define 
H ! the weak p-th moment of X by 

sup(E|(2,x)ni/p. 

kl<l 

Clearly (E|X|p)1/p > ap{X) and by Holder's inequality, {E\X\Py^P > E\X\. 
In this paper we are interested in reversed inequalities of the form 

{E\X\P)^/P < CiE\X\ + C2<Jp{X) (1) 
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for p > 1 and constants Ci and C2 ■ 

This is known for some classes of distributions and the question has been 
studied in a more general setting (see jl9j and references therein) and our ob- 
jective in this paper is to describe new classes for which the relationship ([T]) is 
satisfied. 

Let us recall some known results when ([1]) holds. It clearly holds for Gaussian 
vectors and it is not difficult to see that ([Ij is true for subgaussian vectors (see 
below for definitions) for every p > 1, with Ci and C'2 depending only on the 
subgaussian parameter. 

Another example of such a class is the class of so-called log-concave vectors. 
A probability measure fi on M™ is called log-concave if for all < < 1 and for 
all compact subsets A,Bc M™ with positive measure one has 

fi{{l-e)A + eB)>n{A)^-y{By. (2) 

A random vector with a log-concave distribution is called log-concave. It is 
known that for every log-concave random vector X in a finite dimensional Eu- 
clidean space and any p > 0, 

iE\Xn'/P <C(E\X\ + apiX)), 

where C > is a universal constant. See Corollary [7] and references below. 

In this paper we will consider the class of convex measures introduced by 
Borell. Let k < 0. A probability measure /i on R™ is called K-concave if for all 
Q < 9 < 1 and for all compact subsets A,Bc M™ with positive measure one 
has 

/i((l - 0)A + OB) > ((1 - 0)m(A)" + 0//(S)«)'/" . (3) 

A random vector with a K-concave distribution is called K-concave. Note that 
a log-concave vector is also K-concave for any k < 0. 

We show in Theorem [5] that for k > — 1, a K-concave random vector satisfies 
^ for all < (1 -f e)p < —l/n with Ci and C2 depending only on e. 

In fact, in Definition [T] we will introduce a general assumption on the distri- 
bution, called H{p, A). The main result of the first part of the paper is Theorem 
[2] in which we show that this assumption is sufficient in order to have ([T|) . In 
Theorem [5] we prove that convex measures satisfy this assumption. 

One of the main applications of the relationship (jlj consists in tail inequali- 
ties for P (|X| > tE\X\). In CoroUarylHwe show that for r > 2 and for a (-1/r)- 
concave isotropic random vector X € M" the above probability is bounded by 

^ emax{i,r/vn} ^ . From this bound we deduce that the empirical covariance 
matrix of a sample of size proportional to n is a good approximation of the 
covariance matrix of X, extending results of [Tl[2] from log-concave measures to 
convex measures. This provides thus a new class of random vectors satisfying 
such approximation. See Corollary [10] and the remark following it. 

The second part of the paper deals with negative moments. We are looking 
for relationship of the form 

(Elxr^)"'/^ > Ci E\X\ - C2ap{X) (4) 

for p > and constants Ci and C2 . 

We show in Theorem[T3]that for k > — 1, an n-dimensional K-concave random 
vector satisfies (|4]) for all < (1 + e)p < min{ri/2, (— 1/k)} with Ci and C2 
depending only on e. As an application we show a small ball probability estimate 
for K-concave random vectors. In the log-concave setting it was proved in |27J. 
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2 Preliminaries 



The space E™ is equipped with the scalar product (•,•), the Euchdean norm 
I • I, the unit ball and the volume measure vol(-). The canonical basis is 
denoted by ei, 62, . . . , e™. A gauge or Minkowski functional || • || on M™ is a 
non-negative function on M™ satisfying: ||Aa;|| — X\\x\\ and ||x + j/|| < ||a;|| + \\y\\ 
for every x,y ^ R'" and every real A > and such that ||a;||=0 if and only if 
X — Q. The dual gauge is defined for every x G R™ by = ma,x{{x,t) : 

\\t\\ < !}• A body is a compact subset of R™ with a non-empty interior. Any 
convex body K C R'" containing the origin in its interior defines the gauge by 
— inf{A > : a; € XK}. It is called the Minkowski functional of K. If 
K C R™ is a convex body containing the origin in its interior, the polar body 
K° is defined by K° = {x eW^ : {x, t) < 1 for all t e K}. The diameter of K 
in the Euclidean metric is denoted by diam(_R'). 

For a linear subspace F C R" we denote the orthogonal projection on F by 
Pp. Note that PfK° := Pf{K°) = n when the polar is taken in F. 

For a random vector X in R" with a density g and a subspace F C R", we 
denote the density of PpX by gp- 

A random vector X in R™ will be called non-degenerated if it is not sup- 
ported in a proper affine subspace of R™ . It is called isotropic if it is centered 
and for aU 6 e R"\ E|(X,6»)|2 = \e\^ . 

Given a non-negative bounded function g on R™ we introduce the following 
associated set. For any a > 1, let 

K^{g) = {< e R" : g{t) > a-"^\\g\\^}, (5) 

where \\g\\oo = sup^gR^ \g{t)\. 

By gi, gij we denote independent standard Gaussian random variables, i.e. 
centered and of variance one. A standard Gaussian vector in R" is denoted by 
G, i.e. G — ((?i,g2j ■■■,gn)- The standard Gaussian matrix is the matrix whose 
entries are i.i.d. standard Gaussian variables, i.e. F = {ffij}- By 7p we denote 
the Lp norm of 171. Note that ^yj s/v — >■ l/\/e as p — oo. 

We denote by /z„_fc the Haar probability measure on the Grassmannian Gn^k 
of fc-dimensional subspaces of R". 

Recall that for a real number s, \s\ denotes the smallest integer which is not 
less than s. 

By C, Co, Ci, C2, c, Co ci, C2 we denote absolute positive constants, 
whose values can change from line to line. 

For two functions / and g we write f ^ g ii there are absolute positive 
constants c and C such that cf < g < Cf. 

3 Convex probabilities 

Let K < 1/m. A Borel probability measure /i on R™ is called K-concave if it 
satisfies (jS]). When k = 0, this inequality should be read as ([2]) and it defines /i 
as a log-concave probability. 

In this paper we will be interested in the case k < 0, which we consider from 
now on. 

The class of K-concave measures was introduced and studied by Borell. We 
refer to [HI HH] for a general study and to [5] for more recent development. A 
K-concave probability is supported on some convex subset of an affine subspace 
where it has a density. When the support generates the whole space, a charac- 
terization of Borell ([SI [TO]) states that the probability is absolutely continuous 
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with respect to the Lebesgue measure and has a density g which is log-concave 
when K = and when k < 0, is of the form 

g ~ f^'^ with (3 = m , 

K 

where / : R™ — > (0, oo] is a convex function. The class of m-dimensional re- 
concave probabilities is increasing as n is decreasing. In particular a log-concave 
probability is re-concave for any re < 0. 

As we mentioned in the Introduction, a random vector with a K-concave dis- 
tribution is called re-concave. Clearly, the linear image of a re-concave probability 
is also re-concave. Recall that any semi-norm of an m-dimensional vector with 
a re-concave distribution has moments up to the order p < — 1/re (see [9 and 
Lemmas [2T] and [22] below) . Since we are interested in comparison of moments 
with the moment of order 1, we will always assume that — 1 < re < 0. 

4 Strong and weak moments 

In this section we consider a random vector X in a finite dimensional Euclidean 
space E. 

Definition 1. Let p > 0, m = \p~\ , and A > 1. We say that a random vector X 
in E satisfies the assumption H{p, A) if for every linear mapping A : E R™ 
such that Y ~ AX is non- degenerate there exists a gauge \\ ■ \\ on R™ such that 
E\\Y\\ < oo and 

m\Y\\Py/P < XE\\Y\\. (6) 

Remark. Let us give a first example of a random vector satisfying H{p,X). 
Let X be a random vector in an n-dimensional Euclidean space E, satisfying, 
for some ijj > 1, 

VzeE yi<p<n {E\{z,X)\P)^^P <i^^E\{z,X)\. (7) 

Then X satisfies H{p, Cip'^) for every p > 1. For example, the standard Gaussian 
and Rademacher vectors satisfy the above condition with ip being a numerical 
constant. More generally, if X is subgaussian, then X satisfies ([7]). 

To prove that © implies H{p, Cip'^), let p > 0, m = [p] and let ^ : £; ^ M™ 
be such that Y ~ AX is non-degenerate. We may assume that ni > 2. Clearly, 
because of the linear invariance of the property ([7]), we may also assume that 
Y = AX is isotropic. Thus ([7]) yields, 

VzeR" (E|(z,r)|P)i/P < < ?^^M|z| < \/2V'^|z|E|r|, (8) 

where the last inequality follows from isotropicity of Y by applying ([7]) with 
p = 2, Zi — AJ Ci, i < m, and the Cauchy-Schwarz inequality. 

Now let us make the following general observation. Let p > 1 and m ~ [p] . 
Let y be a random vector in an m-dimensional normed space with norm || • ||. 
Since any m-dimensional norm can be estimated, up to a multiplicative constant, 
by the supremum over an exponential (in m) number of norm one linear forms, 
we deduce that 

m\Y\\P)^^P<C' sup {E\ip(Y)\P)^^P , (9) 

lkll*<i 

where C is a universal constant (see l20j Proposition 3.20). Combining this 
with © 
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we conclude that 

(E|y|P)i/p < (E|(z,y)|P)i/p < CC'ipE\Y\, 

|2|<1 

which shows that X satisfies H{p,CC'ip). 

The main result of this section states a relationship between weak and strong 
moments under the assumption H{p, A). 

Theorem 2. Letp > and A > 1. If a random vector X in a finite dimensional 
Euclidean space satisfies H{p,\), then 

(]E|X|P)1/P < c{m\X\+ap{X)), 

where c is a universal constant. 

The first step of the proof of Theorem [5] consists of showing that there exists 
some z such that (E((z, Y)Y_^Y/p is small, with comparison to E|F|. This is the 
purpose of the following lemma. 

Lemma 3. Let Y he a random vector in R™. Let \\ ■ \\i and || • II2 be two gauges 
on R™ and \\ ■ \\\ and \\ ■ II2 he their dual gauges. Then for all p > 0, 

(¥\\Y\\'^Y/P 
inin (E((z,r)f+)VP <m^h^^\Y\\,. 

Proof. Let r be the largest real number such that r\\t\\i < \\t\\2 for all t e R™. 
By duality r is the largest number such that r||i(;||2 < \\w\\l for w € R™. Pick 
z £ R" such that ll^li; = 1 and ||z||J = r. Then (z,t) < ||z||t||t||i < r\\t\\i for 
aU t e R™. Therefore, for any p > 0, {E{{z,Y)f_^)^^P < r {E\\Y\\{)^/p . Thus the 
lemma follows from the inequality rE||y||i<E||y||2. □ 

The second step of the proof of Theorem [2] is contained in the next lemma. 

Lemma 4. Let n,m > 1 he integers. Letp > 1. Let X he an n-dimensional 
random vector and T he an n x m standard Gaussian matrix. Then 

{E\X\P)^^P < 2i/f7p-i (Emm\\rt\\p^+ + {Cjp + V^)ap{X)^ , 

where \\z\\p^+ = {E {{z, X))^)^^^ and C is a universal constant. 

Proof. For every x,y G R", | ||a::||p,+ — ||y||p,+ | < 1^; — y\ap{X). The classical 
Gaussian concentration inequality (see [T^] or inequality (2.35) and Proposi- 
tion 2.18 in [5T]) gives that 

P (I ||G||p.+ - E||G||p,+ I > s) < 2exp {-s'/2<jI{X)) , 

and implies (cf. [5?, Statement 3.1) 

(E||G||^,+)i/^' < E|lG|lp,+ + CjpapiX), (10) 

where G is a universal constant. Since {G,X) has the same distribution as 

1^1 Si, 
we have 

E{{G,X))\^ {l/2)E\{G,X)\P and E| (G, X) |p = 7^ E|X|p. (11) 
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Therefore 

(E|^|P)i/P ^ ^rip^^x (E||G||^,+)'/^ < 2i/p^;i(E||G||p,+ + C7pCTp(X)). 

The Gordon minimax lower bound (see |15j . Theorem 2.5) states that for any 
norm || • || 

EIIGII < Emin ||n|| +E|i7| max||z||, 
1*1=1 kl=i 

where _ff is a standard Gaussian vector in M'". It is easy to check the proof and 
to show that this inequahty remains true when || • || is a gauge. This gives us 
that 

E||G||p,+ < Emin |lr<|lp,+ +E|iJ| max|lz|lp,+ < Emin ||n|lp,+ + v^max ||z||p,+ 

1*1 = 1 |2| = 1 ' 1*1 = 1 Nl = l 

and it is enough to observe that maxi^i^i ||z||p^-)_ < a^iX). □ 

Proof of Theorem[2l We may assume that p > 1 since Theorem[2]is obviously 
true when < p < 1. Let m be the integer so that l<p<m<p+l, thus 
m < 2p. We use the notation of Lemma ID We first condition on F. We have 

||rz||p,+ = (E^((rz,x))^)i/p = (E^((z,r*x))P)i/p. 

Let y = r*X G M™. If Y is supported by a hyperplane then 

min(E^((z,r*X))^)Vf = 0. 

|2| = 1 

Otherwise by our assumption li(j>. A) there exists a gauge in such that 

(E||y||f)i/p < AE||r||. 

From Lemma [3] we get 

min(Ex((^,r*X))^)i/f < AEx|F*X|. 

|2| = 1 

We now take the expectation with respect to F and get 

Emin ||rt||p,+ < AE|F*X| = AE|i7|E|X| < A VmE|X|, 
1*1=1 

where iJ is a standard m-dimensional Gaussian vector. The proof is concluded 
using Lemma 13] and the fact that ^'^^^fp is bounded. Indeed, 

(E|X|P)i/P < 2i/P7-iAv^E|X| +2i/p(G + 7-iy^)CTp(X) 
<c'(AE|X|+ap(X)). 

□ 



5 Tail behavior of convex measures 

Theorem 5. Let n > 1 and r > 1. Let X be a centered {— I /r) -concave random 
vector in a finite dimensional Euclidean space. Then for every < p < r, X 

satisfies the assumption H{p, X{p,r)) with A(p, r) — c (r^) ' '^^^'"'^ c 

is a universal constant. 
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Remark: Note that the parameter \{p, r) in Theorem O is bounded by a 
universal constant if the parameters p and r are not close, for instance if 
r > 2 max{ 1 , p} . 

Theorem 6. Let r > 1 and let X be a {—\/r)- concave random vector in a finite 
dimensional Euclidean space. Then, for every < p < r, 

(E|X|P)i/f < c{C2ip, r)E\X\ + ap{X)), (12) 

where C2{p, r) — c (r^) '^^'^ c is a universal constant. 

Proof. The proof may be reduced to the case of a centered random vector. 
Indeed, let X be a (— l/r)-concave random vector, then so is X — EX. Since 

(E|X|P)i/P < {E\X - EX|P)i/P + \EX\ < {E\X - EX\Py^P + E\X\, 

E\X - EX\ < 2E\X\ and ap{X - EX) < 2ap{X), we may assume that X is 
centered. The theorem now follows immediately by Theorems [2] and [Sj □ 

Note that trivially a reverse inequality to (|12[) is valid, for p > 1: 
2{E\X\''y/P >E\X\ + ap{X). 
Therefore Theorem [5] states an equivalence 

iE\X\Py/P ~c.(p,r) E\X\+apiX). 
Since a log-concave measure is K-concave for any k < 0, we obtain 

Corollary 7. For any log- concave random vector X in a finite dimensional 
Euclidean space and any p > 0, 

(E|X|f)i/P < C{E\X\ + ap{X)), 

where C > is a universal constant. 

As formulated here, Corollary [7] first appeared as Theorem 2 in [3] (see also 
[3]). A short proof of this result was given in [5]. It can be deduced directly 
from Paouris work in [26] (see [5]). 

As it was mentioned above, if X e is (— l/r)-concave then so is {z,X) for 
any z ^ E. From Lemma [21] we have that for any 1 < p < r, 

{E\{z,X)\P)'/P <C,ip,r)E\{z,X)\, (13) 

where Ci(p, r) is defined in Lemma [211 

Assume that r > 2. Let n be the dimension of E. If moreover X is centered 
and has the identity as the covariance matrix - such a vector is called an isotropic 
random vector - then one has for any z S S"'~^ and any 1 < p < r, 

(E|(z,X)r)i/P < C,{p,r)E\{z,X)\ < Ci(p,r)(E|(^,X)nV2 ^ c^{p,r). (14) 

Since in that case, E\X\ < (E|X|2)V2 = it follows from Theorem [6] that 
for any 1 < p < r, 

iE\X\Pf''<ciC2{p,r)V^+C,{p,r)). (15) 
Together with Markov's inequality this give the following Corollary. 
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Corollary 8. Let r > 2 and let X G M" be a (—l/r) -concave isotropic random 
vector. Then for every t > 0, 

v{\x\>tV^) < (^£Z!^£fiiL!A^y''. (16) 

In particular, if r > 2y/n, then for every 6c < t < 3cr/y/n, 

f(\X\ > t^f^ < exp(-coty^), (17) 
where c and cq are universal positive constants. 

Remark. A log-concave measure is (— l/r)-concave for every r > 0, thus in 
such a case inequality (IT7)) is valid for every t > c, which is a result from pS] . 

Proof of Corollary [8j The inequality follows by Markov's inequality 
from inequality (IT5|) with p = r/2, since C2{r/2,r) < c and Ci{r/2,r) < cr for 
a universal positive c. 

To prove the "In particular" part denote r' = t^/nj (3c). Note that r' > 2^/n 
and that r' < r. Therefore X is (— l/r')-concave as well and we can apply ([T51) 
with r', obtaining the bound for probability 3"'' which implies the result. □ 

We now apply our results to the problem of the approximation of the co- 
variance matrix by the empirical covariance matrix. Recall that for a random 
vector X the covariance matrix of X is given by ^XX^ . It is equal to the iden- 
tity operator / if X is isotropic. The empirical covariance matrix of a sample 
of size N is defined by X^ili ^i^l i where Xi, X2, . . . , Xjv are independent 
copies of X. The main question is how small X can be taken in order that 
these two matrices are close to each other in the operator norm (clearly, if X 
is non-degenerated then N >n due to the dimensional restrictions and, by the 
law of large numbers, the empirical covariance matrix tends to the covariance 
matrix as N grows to infinity) . See [U [2] for references on this question and for 
corresponding results in the case of log-concave measures. In particular, it was 
proved there that for N > n and log-concave n-dimensional vectors Xi , • • • , Xn 
one has 

N 



IN ^ ' - \ N 



with probability at least 1 — 2cxp(— c^/n), where, as usual, / is the identity 
operator, || • || is the operator norm £2 (-2 ^'^d c, C are absolute positive 
constants. 

In [29] (Theorem 1.1), the following condition was introduced: an isotropic 
random vector X G K" is said to satisfy the strong regularity assumption if for 
some 77, C > and every rank k < n orthogonal projection P, one has for every 
t>C 

'\px\ > tVk) < ct-'^-'^'^k-^-\ 



We show that an isotropic (— l/r)-concave random vector satisfies this as- 
sumption. For simplicity we will show this with ry = 1 (one can change ry 
adjusting constants). 

Lemma 9. Let n > 1, a > and r — max{4, 2alogn}. Let X E R" be an 

isotropic {—l/r) -concave random vector. Then there exists an absolute constant 
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C such that for every rank k orthogonal projection P and every t > Ci{a), one 
has 

\PX\ > tVk) < C2{a)t-^k-^, 



where Ci{a) = C exp (4/a) and C2(a) ~ C max{{a loga)^, exp (32/a)}. 

Proof. Let P be a projection of rank k. Let c be the constant from Corollary|5] 
(without loss of generahty we assume c > 1) and t > c. If r < \/fc then 
Corohary |S] imphes that 

- ' ^ — j^-olog(t/c)^ 



'0-1 ^'^)^ (1)^(7) 

If r > y/k then X is also (— l/-\/fc)-concave, hence, assuming k > max{4, 64a^ log^(4a)} 
(so that Vk > 2a log k) and applying Corollary |8] again we obtain 

f{\px\ > tVk) < (^)"^'' < {^y' . 

Thus in both cases we have 

¥(\PX\ > tVPj < fc-'^i°g(*/c). 

One can check that for t > c^ exp (4/a) and k > exp (16/a) this implies 

P(|PX| > tVkj < t-^k-"^, 

which proves the desired result for k > Ca '■= max{64a^ log^(4a), exp (16/a)} 
and t>c^ exp (4/a). 

Assume now that k < Ca- Then we apply Borell's Lemma - Lemma [2T] We 
have that for every t > 3 

f(\PX\ > tVk^ < (^1 + ^ 

It is not difhcult to see (e.g., by considering cases t < 9r, 9r < t < 18r and 
t > 18r) that for C(a) := 54''C^, t > 3 and r > 4, one has 

PX\ > tVk) < C{a)t-^k-^. 



This completes the proof. □ 

Theorem 1.1 from |29j and the above lemma immediately imply the follow- 
ing corollary on the approximation of the covariance matrix by the empirical 
covariance matrix. 

Corollary 10. Let n > 1, a > and r = max{4, 2alogn}. Let Xi, . . . ,Xm 

be independent (~l/r) -concave isotropic random vectors in M". Then for every 
EG (0, 1) and every N > C{s, a)n, one has 



II 1 ^ 



1=1 

where C{s,a) depends only on a and e. 
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Remark. Let r = 2alog(2n) > 8. Applying Corollary [5] for independent 
(— l/r)-concave isotropic random vectors Xi, X2, ■ ■ ■ ,Xjsf and using results of 
[24] , it can be checked that with large probability 



1 ^ I — 



where C(a) depends only on a. As we mentioned above, this extends the results 
of [TJ [2] on the approximation of the covariance matrix from the log-concave 
setting to the class of convex measures. 

Now we prove Theorem [5j We need the following lemma. Recall that Ka 
was defined by JS]). 

Lemma 11. Let m he an integer. Let r > 1 and < p < r. Let Y E K™ be 
a centered random vector with density g = with (3 — in + r and f convex 
positive. Let F : ^ R+ be such that for every i £ R™, F(2t) < 2PF{t) and 
assume that KF(Y) is finite. Then, there exists a positive universal constant c 
such that G Kaig) o,nd 

EF{Y) < c{p, r) E (^^(y)l^^(,)(y)) , (18) 
where c{p, r) = 1 H — ^ and a ~ (c , 



Proof. Let a > be specified later. Let 7 = . From Lemma EOl we 

have 7/(0) < min/ = and by definition, min/ < a~™/^^^"^^ f{t) when 

t ^ Ka{g). Using the convexity of / and the last two inequalities we get 

yt i K^{g) g{t/2) > g{t) ^- + -j~^a-"^nr+^-) j . (19) 

Let 5 = S{a) := (l + 7-ia-"/(''+™))''"^'". The inequality ^ can be written 
V< ^ K^{g) git) < 2'^-^Sgit/2). 

Therefore 

EF{Y)1km^{Y) < 2"''""^ ^ ^ F{t)g (^0 S dt < 2"^ F{2t)g{t)5dt 

and from the assumption on _F, we get 

¥.F{Y)lK^(^gy{Y) <2P-'6¥.FIY). 
We conclude that if 2'p^^5 < 1 then 

EF{Y) < (1 - 2P-^S)-'E {F{Y)lj,^^g){Y)) . 

Let 

ao = ((2^1^ " ^)'^) " ' 
so that do := 6{ao) = 2^, then (1 - 2p-'^6q)-^ = (1 - 2^^)-^ < 1 + and 

ao<a = (c^L±I!!^ 
° ~ \ {r-p){r - 1) 
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where c > is a universal constant. This concludes the proof of ([T; 

Clearly < < i and recaU that 7/(0) < min/. 

We deduce that /(O) < min / and thus G Ka{g)- □ 

Remark. An interesting setting for the previous lemma is when r is away 
from 1, for instance r > 2, r and m are comparable, and p is proportional to r. 
In this case 7 is bounded by a constant, c{p, r) explodes only when p ^ r, and 
a depends only on the ratio r/p. 

Proof of Theorem [H Let 1 < p < r and m = [p] . Let A : £; ^ be 
a linear mapping and Y — AX be a centered non-degenerated (— l/r)-concave 
random vector. By Borell's result [HIIID], there exists a positive convex function 
/ such that the distribution of Y has a density of the form g = /-(''+™). 

We apply Lemma [TT] and use the notation of that lemma. Because the class 
of (— l/r)-concave measures increases as the parameter r decreases, we may 
assume that r <2p (note that A(p, 2p) ^ \{p, r) for r > 2p, so we do not loose 
control of the constant assuming that r < 2p). Thus 1 < p < m and r < 2m. 
We deduce that the parameter a from Lemma [TT] satisfies 

a < c 



r — 1 r — p 

where c is a numerical constant. 

Now note that because is convex, K = Ka{g) is a convex body 

and from Lemma [TTl it contains 0. Let || • |j be its Minkowski functional. 

We have 

l>ViYeK)= f 5>a-"|l.g|Uvol(/0, 

so that 

P(||y|| < l/(2a)) = / g< ||5|U(2a)-"Vol(i^) < 2-'" < 1/2, 

JK/2a 

and therefore 

niYW > ^n\\Y\\ > l/(2a)) > l/(4a). 

Let F{t) ^ \\t\\P for t e M'". Thus F{2t) = 2PF{t) and, since p < r, 
KF{Y) is finite. Hence F satisfies the assumption of Lemma flU Therefore for 

c(p, r) — 1 + c/{r — p) 

<cip,r)Ei\\Y\\nKiY))<cip,r). 

We conclude that 



{E\\Y\\Py/P /E\\Y\\ < Aac{p,r)^^P < 



> 3 / \ 4 

r \ I r 



r — 1 J \T — p J 

for some numerical constant c. □ 

Another application of Lemma [11] which will be used later, is the following 
lemma. 

Lemma 12. Let 1 < p < r and m — [p] . Let Y e K™ be a centered (— 1/r)- 
concave random vector with density g. There exists a universal constant c, such 
that e Ka{g) o,nd 

iE\{Y,t)\P fP^([ \{x,t)\Pgix)dx] <C3{p,r) max \{x,t)\, (20) 
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where a = c ( (^-^(r-i) ) ' C3{p,r) = (l + ; and c > is a universal 

constant. 

Proof. Repeating the above proof with the function F{t) = \{x,t)\P we obtain 
that G Ka{g) and 



I (x, t) \^g{x)dx ) < ( 1 + -_ j \j^^ \{x,t) Y'g{x)dx 



i/p 



Clearly 



\{x,t)\Pg{x)dx < max / g{x)dx ] — max 

which implies the result. □ 

6 Small ball probability estimates 

The following result was proved in |27j. 

Theorem 13. Let X be a centered log-concave random vector in a finite di- 
mensional Euclidean space. For every e € (0, c') one has 



\X\ < e{E\X\y^^j < e' 

where c, c' > are universal positive constants. 

In this section we generalize this result to the setting of convex distributions. 
We first establish a lower bound for the negative moment of the Euclidean norm 
of a convex random vector. 

Theorem 14. Letr > 1 and let X be a centered n- dimensional (—l/r) -concave 
random vector. Assume I <p < min{r, n/2}. Then 

{E\X\-Py'^'' > Ciip,r) (E\X\ - CapiX)), 

where 

/ c ^ ' 



C4ip,r)^c[- 1 



(r — p){r — 1) J \ r—p^ 
c, C are absolute positive constants. Moreover, if < p < 1 then 

(E|X|-P)-'/^>co(l-p)^E|X|, 

where cq is an absolute positive constant. 

From Markov's inequality we deduce a small ball probability estimates for 
convex measures. 

Theorem 15. Let n > 1 and r > 1. Let X be a centered n-dimensional 
{—l/r) -concave random vector. Assume 1 <p < min{r, ri/2}. Then, for every 
EG (0,1), 

¥{\X\<enX\) < {2Cl\p,r)e)\ 

whenever 'E\X\ > 2Cap{X), where c, C and Ci{p,r) are the constants from 
Theorem \14\ 
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Remark. Theorem [T51 implies Theorem [T51 proved in 27 . Indeed, let p > 1, 
r > max{3, 2p} and A (E|X|2)i/2/cr2(X) (note that A < By Lemma[2T| 

CTp(^) < Ci(p,r)ai(X) < cop(T2{X) and (E|Xni/2 < ciE|X|. 

Thus E|X|/crp(X) > csA/p. lic2A/{2C) > 1, we chose p = C2A/(2C) and apply 
Theorem [T51 Since 

E|X|/crj,(X) > C2A/P > 2C, 

Theorem [T3l follows. Now assume that A < 2C/c2- Then Theorem [T3l follows 
from Lemma [23] and Lemma [22] (with q — 2), which for a log-concave random 

1 /2 

vector X states that (E|Xp) < cMed(|X|), where c is a numerical constant 
and Med(|X|) is a median of \X\. 

We need the following result from [18] (Theorem 1.3 there). 

Theorem 16. Let n > I be an integer, || • || he a norm in K" and K be its unit 
ball. Assume that < p < cq (E||G||/(t) and m ~ \p~\ . Then 



where /i — fin,m and c is an absolute positive constant. 

The proof of Theorem [TJ] is based on the following two lemmas. 

Lemma 17. Let m < n, a > and X be a random vector in M" with density 
g. Then, 

/ \ -l/m 

(E|Xr™)-i/™ > ^(E|Gr'")-V™ ( {^o\{K^{gp)))-' d^,{F) 



Proof. Integrating in polar coordinates (see [27], Proposition 4.6), we obtain 
the following key formula 



(El^r™)-!/™ = (27r)-i/2(E|Gr'")-i/™ f j gF{0)dfi{F) j 



-l/m 



Note that 



1= / gF{x)dx> / gF{x)dx>a "|lgF||ooVol(Xa(5F))- 

This implies the result, since 5f(0) < ||5f||oo- □ 

Below we will use the following notation. For a random vector X in M", 
p > 0, and t e R" we denote 



\t\\, = {E\{x,t)n 



i/p 



(note that it is the dual gauge of the so-called centroid body, which is rather an 



Lp-norm than the ^p-norm) 
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Lemma 18. Let 1 < p < r and m — \p\. Let X be a centered (—l/r) -concave 
random vector in M" with density g. Let K denote the unit ball of \\ ■ \\p. Then 
for every m-dimensional subspace F C M" one has 

(vol(Pf^X°))i/" < 4C3b,r)(vol(X„(5f^)))i/™, 

,3 , , / 



where 
constant 



/ 2 \ ■J / \'-/P 

a ^ c [^JJ—^^—^j , Csip, r) = [1 + , and c> is a universal 



Proof. Applying Lemma [T^ to Y ~ PpX, we obtain that for every t ^ F 
ll^llp < C'3(p, r) max |(a;,t)| 

with a and C3(p, r) given in Lemma 1121 Since for t Cz F, \\t\\p = max(a;,i), 
where the supremum is taken over x E {K n F)° = PpK" , this is equivalent to 

PfK° C C3(p,r)conv(X„(5F) U -Kc^igp))- 

Lemma [T^ also claims that G Kaigp), thus 

conv{Ka{gF) U ~Ka{gF)) C Kaigp) ~ Kaigr)- 

By Rogers-Sheppard inequality [5S] we observe 

/9m\ 

(vol(Pf^X°))i/'» < C3(p,r)(vol(X„(gi.)))i/™. 
\ m J 

This implies the result. □ 

Proof of Theorem 1141 Recall that ci, C2, ... denote absolute positive 
constants. Recall also that for a random vector X in R", p > 0, and t E R" 

\\t\\p^{E\{x,t)n'^r 

Given a norm || • || on M" we define a hy a = a{\\ -11) = max|(|=i ||<||. In 
particular, 

a(|| • \\p) = cTpiX). 

Finally, let K denote the unit ball of || • \\p. 

We assume that X is non-degenerate in M" and let m = \p]. Without loss 
of generality we assume that 

E\X\ > Cap{X), 

where C is a large enough absolute constant. 
As in pUj) . since p < m < 2p, we have 

E\X\ < (E|xr)Vp = 7;i(E||G||pVP < j-\E\\G\\p + c^jpap{X)) 
< C2{E\\G\\p/V^ + ap{X)). 

Hence 

EIIGIIp > ^c^^iE\X\-C2ap{X)) > ^{c2y\C ~ C2)apiX). (21) 

This implies that for sufficiently large C we have m < 2p < CQ{E\\G\\p/a-p{X))'^ , 
where cq is the constant from Theorem 1161 
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Note that (E|G|-p)-i/p > {E\G\-"')-'^^"^ > csy/Ti (the second inequahty is 
well known for m < n/2 and can be directly computed). Combining Lemmas 
[TTI and [m we obtain 

(E|X|-"ri/™ > ( / {Yo\{P^K°))-'dfi{F)] 



with a and C3 (p, r) as in Lemma 1181 

Now note that PfK° = {K n F)° D (diam(X n F))'^B'^ f] F. Therefore 
1/vo\(PfK°) < {c5y/^diam{K n F))"" . Applying TheoremEl we obtain 

(E|xr")-V" > 

aC3(p,r)y/m 

Applying the first inequality from (|2ip . we obtain the desired result. 

The "Moreover" part is an immediate corollary of Lemmas [22] (with q = 1) 
and US □ 

Conjecture. We conjecture that for convex distributions a similar thin shell 
property holds as for log-concave distribution: if X is an isotropic (— 1/r)- 
concave random vector in M" with r > 2, then 

Vte(0,l) P{\\X\~E\X\\>ty/^) ^0. 

as n tends to 00. See [IT] for recent work in the log-concave setting. 



7 Appendix 

There is a vast literature on inequalities of integrals related to concave func- 
tions. Some of the following lemmas may be known but we did not find any 
reference. Their proof use classical methods for demonstrating integral inequal- 
ities involving concave functions (see |llj and |25)). The first lemma is a mirror 
image for negative moments of a result from [2 3) valid for positive moments. 

Lemma 19. Let s,m, (3 E M. such that f3 > m + 1 > and s > 0. Let (p be a 
non-negative concave function on [s, +00). Then 



'^-l^+^B{m + l,l3-m - 1) 

is an increasing function of (3 on (m + 1, 00). Here B(u, v) = Jq i^ — t)"~'^t'"~^ dt 
denotes the Beta function. 

Proof. Let /3 > m + 1. Consider the function 

H{t)^ f ip'^{x)x-^ dx- I a'^ix- s^x-l^ dx 



for t > s, where a is chosen so that H{oo) = 0. Note that H', the derivative of 
H, has the same sign as {(p{x) / {x — s))™ — a"\ Since ip{x)/{x— s) is decreasing 
on (s,-|-cx)), we deduce that H is first increasing and then decreasing. Since 
H{s) = H{oo) = we conclude that H is non-negative. This means that for 
every t>s, 

^'''{x)x-'^ dx> / a"(x-s)'"x-^dx. (22) 
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Now, note that for any j3' > j3 and any non-negative function F, we have by 
Fubini's theorem, 

F{x)x~^' dx^ (/?' - I3)t-f^'+f^-^ (^j^ F{x)x~^ dx^ dt. 

Using ([22]) and applying this relation to = (^™ and then to F{x) = a™(a;— s)™, 
we get that 

/•OO /"OO 

^"^ {x)x-f^' dx > a" / {x - dx. 



From the definition of a, we conclude that 

) 

dx 



ip^{x)x-'^ dxj / [x-sfx-l^ 



is an increasing function of fi on (m + 1, oo). The conclusion follows from the 
computation of J^{x — s)"^x~^ dx = s"^~^^^B{m + 1, /3 — to — 1). □ 

Lemma 20. Let m > 1 be an integer. Let g be the density of a probability on 
R"* of the form g = with f positive convex on M'" and (3 > m + 1. Lf 
J xg{x) dx = 0, then 



Proof. Since / is convex it follows from Jensen's inequality that 

f{0)^f(^J xg{x)dx^ < J f-^+\x)dx^ J^^{(3-l)h{s)s-^ds, 

where s = min/ = and h{t) = vol{/ < t} denotes the Lebesgue 

measure of {/ < t}. From the convexity of / and from the Brunn-Minkowski 
inequality, (p — h^/"^ is concave. Thus, using the notation of Lemma [T^ 

/(O) < (/3 - \)s'''-^+^B{m + 1, /3 - m - l)G(/3). 

Now observe that / f^^ = I3ip"^{x)x~^^^ dx = 1 and therefore, by LemmafTOl 

G{I3) <G(/3 + l) = {/3s"'-'^B{m + l,l3~m)y\ 

The conclusion follows from combining the last two inequalities. □ 

Remark. When /3 — >■ oo, which corresponds to a log-concave density, we 
recover the inequality from [T3] saying that 5(0) > e~'"||g||oo- 

The next lemma is a well known result of Borell ([9]) stated in a way that 
fits our needs and stresses the dependence on the parameter of concavity. 

Lemma 21. Let r > 1 and X be a (—l/r) -concave random vector in R™. Then 
for any semi-norm \\ ■ \\ and any t > 1, one has 

\X\\ >3tE||X||)< [1 + 4- 



3r 

As a consequence, for every 1 < p < r, 

(E||Xr)i/P<Ci(p,r)E||X||, 

where Ci{p,r) = cp for r > p + 1, Ci{p,r) = ^^J^^i/p otherwise and c is a 
universal constant. 
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Proof. Denote 9 := P(||X|| < 3E||X||). Assume that 9 <l (otherwise we are 
done). From Markov's inequahty, 

9 = 1 -P(j|X|l > 3EI1X11) > 2/3. 

The subset B — {x ^ M'" : < 3E||X||} is symmetric and convex. From 
Lemma 3.1 in 9 , for every i > 1, one has 



Thus, 



p {\\x\\ > ^ ^ (i + i i°g + 1: 

We deduce that for every t > 1, 

F{\\X\\ > 3ffi||X||)< 0(^1 + 1 log ^) + i 

Integrating, we get 

E||X||P/(3E|1X|1)P = / ptP-^¥{\\X\\ >3tE\\X\\)dt 
Jq 

< 1 + {3rfpB{p, r~p) 

= 1 + (3r)f r(p + l)r(r - p)/T{r). 

Now, if r > p + 1 then, by Stirhng's formula, 

{np+l)T(r-p)lT{r)fP^P, 

r 

and if r < P + 1 then 

{V{p + l)r(r - p)lT{T)f'P ^ (r(r - p)f'P ^ 

\r-pj 



i/p 



This completes the proof □ 

The following, a stronger variant of Borell's lemma, allows to compare the 
expectation of a random variable \\X\\ and a median Med(||X||). It was proved 
in [7] (Theorem 1.1, see also the discussion following Theorem 5.2 for the be- 
havior of the corresponding constant). It was also implicitly proved in [16] (see 
inequality (4) in [14'). The second part of the lemma follows by integration. 

Lemma 22. Let r > 1 and X he a {— I /r) -concave random vector in R™. Then 
for any semi-norm \\ ■ \\ and any t > 1, one has 

F{\\X\\ >tMcd(||X||)) < (Cor)'■^-^ 

where Cq is an absolute positive constant. As a consequence, for every r > q > 1 
one has 

(E||X||^)^/«<Cr(^-^^ ' Med(||X|l), 
where C is an absolute positive constant. 
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The following lemma is Corollary 9 from [Tl] (as before, the second part 
follows by integration). 

Lemma 23. Let r > 1 and X be a (—1/r) -concave random vector in R"*. Then 
for any semi-norm \\ ■ \\ and any e € (0, 1), one has 

V{\\X\\ < eMed(||X||)) < Coe, 

where Cq is an absolute positive constant. As a consequence, for every p € (0, 1), 

{E\\X\\-P)-'^''>c{l-p)Med{\\X\\), 
where c is an absolute positive constant. 
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